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Producing a large current typically requires
large dissipation, as is the case in electric con-
duction, where Joule heating is proportional to
the square of the current. Stochastic thermody-
namics [1, 2] offers a framework to study nonequi-
librium thermodynamics of small fluctuating sys-
tems, and quite recently, microscopic derivations
and universal understanding of the trade-off re-
lation between the current and dissipation have
been put forward [3–10]. Here we establish a uni-
versal framework clarifying how quantum coher-
ence affects the trade-off between the current and
dissipation: a proper use of coherence enhances
the heat current without increasing dissipation,
i.e. coherence can reduce friction. If the amount
of coherence is large enough, this friction be-
comes virtually zero, realizing a superconducting-
like “dissipation-less” heat current. Since our
framework clarifies a general relation among co-
herence, energy flow, and dissipation, it can be
applied to many branches of science. As an ap-
plication to energy science, we construct a quan-
tum heat engine cycle that exceeds the power-
efficiency bound on classical engines [6], and ef-
fectively attains the Carnot efficiency with finite
power in fast cycles. We discuss important impli-
cations of our findings with regard to the field of
quantum information theory, condensed matter
physics and biology.
Speeding-up physical processes inevitably induces
“friction”. This intuition has been well understood in
the context of finite-time quantum operation [11–14] and
thermodynamic control [3–10]. In particular, the ther-
modynamic uncertainty relation [3–5, 10] shows that the
precision of the current is constrained by dissipation, and
the power-efficiency trade-off relation [6–8] in heat en-
gines shows that producing a large output power induces
dissipation, lowering the heat-to-work conversion effi-
ciency. These trade-off relations between current and dis-
sipation have attracted considerable attention in the field
of stochastic thermodynamics, since they give universal
constraints on thermodynamic quantities in a finite-time,
out of equilibrium settings.
Although significant progress has been made in recent
years to understand the fundamental limits set by ther-
modynamics, it is still unclear, and even controversial,
about the effect of quantum coherence in thermodynam-
ics [15–19]. This should be contrasted with other fields,
such as in quantum cryptography and quantum error cor-
rection, where a proper use of quantum coherence pro-
tects the reversibility of the system [20]. We therefore
expect that quantum coherence can be utilized to reduce
“friction” in thermodynamics.
In this paper, we construct a general theoretical
framework clarifying how quantum coherence affects the
current-dissipation trade-off relation, and show that the
above expectation is true. Our main results indicate that
quantum coherence can enhance the heat current without
increasing dissipation. In particular, we show an inter-
esting scaling behavior that for a large amount of co-
herence, the heat current scales as a macroscopic order
while keeping dissipation at a constant order, realizing a
“dissipation-less” current.
Our framework provides a general classification on the
types of quantum coherence that induce gains or losses
in the thermodynamic performance. We find that coher-
ence between energy eigenstates with different energies
always induces losses. This is consistent with previous
observations that coherence between the ground and ex-
cited states that is built up during a heat-engine cycle
degrades its performance, sometimes termed as the ef-
fect of “quantum friction” [16, 17]. On the other hand,
we find that coherence among degenerate energy eigen-
states leads to gains, working as “quantum lubrication”.
It is interesting to point out that the above classifica-
tion is directly related to two important types of quan-
tum coherence in quantum information theory, that is,
the speakable and unspeakable coherence [21]. As a re-
sult, our framework gives thermodynamic meanings to
the classification of coherence.
Since our framework provides a unified understand-
ing among thermodynamic irreversibility, the energy flow
and quantum coherence, it has many applications in
physics. As an application to energy science, we consider
a quantum heat engine that utilizes quantum coherence.
We give a general condition about which type of quan-
tum coherence enhances the power and efficiency of heat
engines, and construct several examples that exceed a
universal power-efficiency trade-off relation [6] for classi-
cal engines. In addition, we show that the “dissipation-
less” current-driven quantum heat engine approximately
attains the Carnot efficiency with finite power in fast
cycles. In view of recent proposals on the equivalence
between quantum heat engines and natural and artificial
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2light-harvesting systems [22, 23], we also discuss possible
directions of using our results to understand the role of
coherence and its impact on the energy transfer efficiency
in light-harvesting systems.
We consider a system connected to a heat bath whose
inverse temperature is β. We assume that the time evolu-
tion of the reduced density matrix of the system ρ obeys
the standard quantum master equation [24]:
∂ρ
∂t
= − i
~
[H, ρ] +
∑
ω
γ(ω)
[
LωρL
†
ω −
1
2
{L†ωLω, ρ}
]
.
(1)
Here H is the Hamiltonian of the system which may have
degeneracy, and the Lindblad operator Lω describes a
quantum jump between energy eigenstates with energy
difference being ~ω: [Lω, H] = ~ωLω [24]. The positive
coefficient γ(ω) is assumed to satisfy the detailed balance
relation γ(ω)/γ(−ω) = exp[β~ω]. Note that an extension
of our formulation to the case with multiple heat baths
is straightforward.
Our purpose is to clarify how coherence affects the
trade-off relation between the energy flow and dissipa-
tion. For this purpose, we focus on the ratio between
the heat current J and the entropy production rate σ˙:
J2/σ˙. Here J(ρ) := Tr[H∂tρ] is the heat current which
describes the energy flow from the heat bath to the
system [25]. Also, the entropy production rate is de-
fined as σ˙(ρ) := S˙(ρ) − βJ(ρ) ≥ 0, which is a key
quantity that measures dissipation (thermodynamic ir-
reversibility) in stochastic thermodynamics [25]. Here,
S˙(ρ) = Tr[∂tρ log ρ] is the von Neumann entropy flux
of the system [20], and βJ is interpreted as the entropy
increase in the heat bath. Therefore, the entropy pro-
duction quantifies the total amount of entropy that is
produced in the entire system, and the second law of ther-
modynamics is obtained as a direct consequence of the
nonnegativity of σ˙. We point out that the ratio J2/σ˙ can
be used as an indicator for the performance of the heat
engines, because loosely speaking, large J corresponds to
a large output power and small σ˙ corresponds to a large
heat-to-work conversion efficiency.
To evaluate the effect of coherence on the ratio J2/σ˙,
we denote the energy eigenstates of the Hamiltonian as
|e, j〉, where e is the energy eigenvalue and j is introduced
to label degenerate states. We introduce two diagonal-
ized states ρbd :=
∑
e ΠeρΠe and ρsd :=
∑
e,j Πe,jρΠe,j ,
where Πe,j = |e, j〉〈e, j| and Πe =
∑
j Πe,j is the projec-
tion to the eigenspace of H whose eigenvalue is e. The
subscript ‘bd’ and ‘sd’ are the abbreviations of ‘block-
diagonalized’ and ‘strictly-diagonalized’. In the state
ρbd, coherence among degenerate energy eigenstates is
kept, but coherence among different energy eigenspaces
is lost. In the state ρsd, on the other hand, all coherence
is lost. Note that if the Hamiltonian is non-degenerate,
ρbd = ρsd.
Now, let us discuss how the quantum coherence affects
the current-dissipation ratio J2/σ˙. We first show that
coherence among different eigenspaces does not enhance
the current-dissipation ratio:
J2(ρ)
σ˙(ρ)
≤ J
2(ρbd)
σ˙(ρbd)
(2)
The derivation of this inequality is given in Supple-
mentary Information I. According to (2), coherence
among different eigenspaces only decrease the ratio J2/σ˙.
Namely, if the system Hamiltonian has no degeneracy,
quantum coherence does not improve the performance of
heat engines.
We next show that coherence among degenerate energy
eigenstates does enhance the current-dissipation ratio:
J2(ρsd)
σ˙(ρsd)
≤ Acl
2
, (3)
J2(ρbd)
σ˙(ρbd)
≤ Acl +Aqm
2
, (4)
where the quantities Acl and Aqm are non-negative
real numbers, given by Acl := Tr[Xρsd] and Aqm :=
CXCl1(ρbd), with X :=
∑
ω(~ω)2γ(ω)L†ωLω and CX :=
maxe,j,j′:j 6=j′ |〈e, j|X|e, j′〉|. The derivations of (3)
and (4) are shown in Supplementary Information I. The
quantity Cl1(ρbd) is the coherence l1-norm with respect to
the eigenstates of the Hamiltonian, which is the summa-
tion of the absolute value of the non-diagonal elements:
Cl1(...) :=
∑
(e,j)6=(e′,j′) |〈e, j|...|e′, j′〉|. The coherence
l1-norm is a well-known coherence measure in the re-
source theory of coherence [26], and thus Aqm depends
on the amount of coherence among degenerate energy
eigenstates.
Inequalities (4) and (3) provide general upper bounds
on the current-dissipation ratio J2/σ˙ with and without
coherence, respectively. When the state has no coher-
ence, inequality (3) gives a “classical” upper bound Acl/2
on the current-dissipation ratio. Namely, heat engines
without coherence (i.e. classical heat engines) never ex-
ceed this bound. On the other hand, inequality (4) im-
plies that coherence among degenerate eigenstates allows
the current-dissipation ratio to exceed its classical limit,
up to Aqm/2. We note that by combining (2) and (4), the
upper bound (Acl+Aqm)/2 also applies to a general state
ρ, and there exists a competition between the coherence
among energy eigenspaces induced losses (2) and coher-
ence among degenerate eigenstates induced gains (4) for
the current-dissipation ratio. Later, we give a quantum
heat engine example that demonstrates this coherence-
induced gains, and show that it can operate beyond the
universal limitation set on classical heat engines.
We further find an interesting scaling behavior in (4)
as follows. Suppose that Aqm be O(N
2), where 2N is
the number of degeneracy in the system Hamiltonian.
Then, the upper bound of the ratio J(ρ)2/σ˙(ρ) becomes
O(N2), which allows an O(1) entropy production rate
with an O(N) heat current. In other words, our inequal-
ity (4) implies that large non-diagonal elements might
3FIG. 1. Schematic diagram of the 2N -state model. (a) No
coherence (ρ = ρsd). In this case, correlated decays and exci-
tations do not occur, and Acl = O(N) and Aqm = 0 hold for
arbitrary ρ. Therefore, in order to obtain O(N) heat current,
dissipation inevitably scales as O(N). (b) With O(N) coher-
ence (e.g. ρ+). In this case, correlated decays and excitations
occur and Acl = O(N) and Aqm = O(N
2) hold. As a re-
sult, an O(N) heat current with a constant-order dissipation
is realized.
cause macroscopic current without macroscopic dissipa-
tion.
The above type of current without dissipation can be
realized in a concrete model using the 2N -state Hamil-
tonian, given by
H =
N∑
j=1
~ω0|e, j〉〈e, j|, (5)
where |g, j〉 and |e, j〉 are the j-th degenerate ground
state and excited state, respectively, and ~ω0 is the
energy gap (see also Fig. 1). The Lindblad operators
in Eq. (1) are given by Lω0 =
∑
j,j′ |e, j〉〈g, j′| and
L−ω0 =
∑
j,j′ |g, j〉〈e, j′|, describing correlated decays
and excitations, respectively. Now, let us consider the
state ρ+ := pg|g,+〉〈g,+|+pe|e,+〉〈e,+|, which has large
amount of coherence: Cl1(ρ+) = Cl1(ρ+bd) = O(N). Here,
pg/pe = (1 + 1/N)e
β~ω0 , |g,+〉 := ∑j |g, j〉/√N , and
|e,+〉 := ∑j |e, j〉/√N . As a result, Aqm = O(N2) and
the heat current becomes O(N) while keeping the en-
tropy production rate at O(1), realizing a “dissipation-
less” current (see Supplementary Information II for de-
tails):
J(ρ+) = N~ω0γ(ω0)pe = O(N), (6)
σ˙(ρ+) = N log
(
1 +
1
N
)
γ(ω0)pe = O(1). (7)
Moreover, we can easily generalize our example and pro-
duce a steady-state current without dissipation by at-
taching the system to two heat baths (see Supplementary
Information II).
We emphasize that in the above 2N -state model, the
dissipation-less current cannot occur without quantum
coherence as discussed below (see also Fig. 1). As we
show in Supplementary Information II B, any ρsd leads
to Acl = O(N). Therefore, when there is no coherence,
i.e., ρ = ρsd, inequality (3) implies that producing an
O(N) current is possible only when the entropy produc-
tion rate is at least O(N). This fact shows that quan-
tum coherence causes a qualitative change in the current-
dissipation trade-off relation. Without coherence, J and
σ˙ scales at the same order [O(N)]. However, with O(N)
coherence, σ˙ can be suppressed to O(1), while J stays
at macroscopic order [O(N)], realizing a dissipation-less
current.
By utilizing the dissipation-less current that appears in
the 2N -state model, we can construct a fast heat engine
cycle which approximately attains the Carnot efficiency
with finite output power. In what follows, we briefly ex-
plain each step of the heat engine cycle (see also Fig. 2).
1. We turn on the interaction between the system and the
hot heat bath, whose inverse temperature is βH. The sys-
tem absorbs the “dissipation-less” heat QH =
∫
JHdt > 0
from the hot bath, with a time-duration τH. 2. We turn
off the interaction between the system and the hot bath,
and change the energy gap from ~ωH to ~ωC. 3. We
turn on the interaction between the system and the cold
heat bath, whose inverse temperature is βC. The system
releases the “dissipation-less” heat QC = −
∫
JCdt > 0
to the cold bath, with a time-duration τC. 4. We turn
off the interaction between the system and the cold bath,
and restore the energy gap to its initial one (~ωH). For a
stationary cycle (i.e. a cycle whose initial and final states
are the same), the first law of thermodynamics implies
that the extracted work is given by W = QH −QC. The
FIG. 2. Schematic diagram of the fast cycle attaining Carnot
efficiency with finite power. The cycle consists of four steps.
Step 1: the 2N -state system is connected to the hot bath,
absorbing the “dissipation-less” heat. Step 2: the interaction
between the system and the hot bath is turned off, and the
energy gap of the system is changed from ~ωH to ~ωC . Step
3: the system is connected to the cold bath, releasing the
“dissipation-less” heat. Step 4: the interaction between the
system and the cold bath is turned off, and the energy gap
of the system is changed from ~ωC to ~ωH . In this cycle,
the output power scales as O(N) while the thermodynamic
efficiency asymptotically reaches the Carnot efficiency: η =
ηCar −O(1/N).
4output power is then defined as the work per unit time:
W/τ , where τ = τH + τC. The thermodynamic efficiency
is defined as η = W/QH, which quantifies the heat-to-
work conversion ratio. Note that η is always bounded
from above by the Carnot efficiency ηCar = βH/βC, as a
direct consequence of the second law. As we discuss in
Supplementary Information II, the cycle time of our heat
engine can be shorter than the typical relaxation time of
the system, and the output power scales as O(N) while
the thermodynamic efficiency asymptotically reaches the
Carnot efficiency: η = ηCar −O(1/N).
As we have seen above, when the number of degener-
acy is large, our 2N -state model approximately achieves
the Carnot efficiency with finite power. What if the
number of degeneracy is small? Even in this case,
our main results indicate interesting properties in the
study of quantum heat engines. Here, instead of us-
ing the 2N -state Hamiltonian (5) with N = 2, we con-
sider a two-qubit state superradiant model, since this
model has been experimentally realized with supercon-
ducting qubits [27, 28] (note that the qualitative be-
havior of the results does not change significantly be-
tween these two models). We consider the heat engine
cycle described above, and demonstrate the quantum ad-
vantage with numerical calculations. After the system
relaxes to the stationary cycle, we calculate the heat
current etc., and numerically check the inequalities (3)
and (4) during step 1, plotted in Fig. 3. Clearly, the
ratio J(ρ)2/σ˙(ρ) exceeds the classical limit Acl/2 (note
that ρ = ρbd holds in our example). Finally, let us con-
sider the power-efficiency trade-off relation by consider-
ing the following indicator of the engine performance:
P := (W/τ)×(ηCar−η)−1×2(2−η)2β−1C η−1. The engine
performance P takes a large value when either the out-
put power becomes large or the efficiency becomes close
to the Carnot efficiency. From (2)-(4), we obtain two up-
per bounds on P (see Supplementary Information IV for
details):
Pcl ≤ A¯cl and P ≤ A¯cl + A¯qm, (8)
where A¯cl and A¯qm are the time average of Acl and Aqm
per 1 engine cycle, and Pcl is the engine performance
for ρsd. Similar to (4), when there is no coherence, the
power and efficiency of the heat engines are bounded by
A¯cl. In this sense, A¯cl is the classical limitation on the
performance of heat engines. Meanwhile, when there ex-
ists coherence, a quantum heat engine can exceed the
classical limitation up to A¯qm. With the 2-qubit super-
radiant model, we can numerically check that the power-
efficiency performance of a quantum heat engine actually
exceeds the classical limitation A¯cl for some parameter
range, as shown in Fig. 4.
Before concluding this paper, we give several comments
and perspectives regarding the applications of our theo-
retical framework to the field of finite-time thermody-
namics, photosynthesis, and quantum information the-
ory.
Finite-time Carnot engine: As a direct application
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FIG. 3. Numerical check of the current-dissipation trade-off
inequalities (3) and (4) during the heat engine cycle, step 1.
Red and orange solid curves are the current-dissipation ratio
J2/σ˙ for the states ρ and ρsd, respectively. Black dashed curve
is the quantum bound (Acl + Aqm)/2 and the blue dashed
curve is the classical bound Acl/2. The parameters are ωH =
2, ωC = 1, βH = 0.6, βC = 1.5, τH = 0.5 (Fig. 3 and Fig. 4)
and τC = 1.0 (Fig. 3).
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FIG. 4. Numerical calculation of the heat engine performance
P by varying the time-duration τC of the heat engine cycle,
step 3. Black dashed curve is the quantum bound A¯cl + A¯qm
and the blue dashed curve is the classical bound A¯cl. Red
solid curve shows the engine performance P, which exceeds
the classical bound for some parameter range.
of our main results, we gave a heat engine model
which approximately attains the Carnot efficiency with
finite power. Note that our strategy differs from pre-
vious studies, e.g., utilizing nonlinearity [29, 30], time-
reversal symmetry breaking [31, 32], specific system-bath
coupling [33], criticality with divergent energy fluctua-
tions [34–36], and a large cycle time compared with the
relaxation time [37]. In fact, our 2N -state model does not
use special properties of the dynamics, the cycle time is
shorter than the relaxation time-scale, and the energy
fluctuation remains O(1). Note again that our strategy
was to reduce dissipation via coherence. Therefore, we
believe that our “dissipation-less” current-driven quan-
tum heat engine adds new insight into the study of finite-
time Carnot engine.
5Quantitative understanding of the role of coherence in
photosynthesis: An important issue in biology is the
role of coherence in photosynthesis [38–43], as recent
experiments show that coherence actually survives for
a sufficiently long time during the photosynthetic reac-
tion [38, 39]. Although there are many results reporting
the effect of coherence in photosynthetic processes [40–
43], there is no unified understandings about how the
coherence actually contributes to a high light-harvesting
efficiency performance. Since theoretical models are of-
ten described by the quantum master equation [40, 42], it
would be interesting to apply our framework to this prob-
lem and quantitatively clarify how coherence improves
the energy transmission in photosynthesis compared with
the classical bound. It would also be a interesting future
direction to utilize our results and analyze the perfor-
mance of biologically-inspired heat engine model of pho-
tocells [22, 23].
Difference between speakable and unspeakable coher-
ence: Our results add new insight into the classification
of coherence in quantum information theory, where co-
herence is classified into two classes: speakable coher-
ence and unspeakable coherence [21]. Roughly speak-
ing, speakable coherence refers to the coherence between
bases that can be relabeled (e.g., computational basis in
a quantum computer). Conversely, unspeakable coher-
ence refers to the coherence between bases that cannot
be relabeled (e.g., energy eigenstates with different en-
ergy eigenvalues). In our case, the difference between
ρbd and ρsd reflects the difference between the speak-
able and unspeakable coherence in ρ, since the map
ρ → ρbd (ρ → ρsd) is the resource destroying map
[44] in the resource theory of asymmetry [45] (coher-
ence [46, 47]) which kills the unspeakable (speakable)
coherence. Therefore, our results give the following ther-
modynamic meanings to the classification of coherence:
unspeakable coherence does not improve the performance
of heat engines, and only the non-unspeakable part of the
speakable coherence, quantified by Cl1(ρbd), contributes
to the performance enhancement.
In this article, we gave a unified understanding of how
quantum coherence affects the current-dissipation ratio.
Our results can be summarized in three basic rules as fol-
lows: 1. Coherence between different energy eigenspaces
always reduces the ratio. 2. Coherence among degener-
ate states can be used to increases the ratio. 3. If there
is enough coherence among degeneracy, the heat current
can become macroscopic order while dissipation remains
at constant order, realizing a “dissipation-less” current.
From the above observations, we clarified which type
of quantum coherence contributes to the performance
of heat engines. We have demonstrated this quantum
enhancement by the 2-qubit system example, where the
current-dissipation ratio and the engine performance
exceed the classical bound. In addition, by utilizing
the dissipation-less current, we have constructed a
heat engine model which effectively attains the Carnot
efficiency with finite-power. It is noteworthy to point out
that our dissipation-less current induced by coherence
resembles the superconducting current without energy
dissipation, induced by large off-diagonal components.
Our method is applicable to the energy flow caused by a
chemical potential difference, and it may give stochastic
thermodynamics viewpoint of the current-dissipation
relation in superconducting phenomena. We expect that
our findings will further contribute to the understand-
ings and design of low-dissipative energy transporting
mechanisms in energy science, biology, and condensed
matter physics.
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The supplementary information is organized as follows. In Sec. I, we discuss the coherence effect on the current-
dissipation trade-off relation, and give explicit proofs of our main results (2), (3), and (4) in the main text. In Sec. II,
we present the details of our first example which realizes a “dissipation-less” current. As explained in the main text,
here we use 2N -state model, and show how coherence can be used to realize an O(N) heat current with an O(1)
entropy production rate. In particular, we show that a steady current with a constant-order entropy production
rate can occur using this model. In addition, we show that this model is able to implement a heat engine cycle
which approximately attains the Carnot efficiency with finite power. In Sec. III, we give details of the two-qubit
superradiant model that we use to numerically check our results. Finally, in Sec. IV, we discuss coherence effect on
the power-efficiency trade-off relation of heat engines.
I. COHERENCE EFFECT ON THE CURRENT-DISSIPATION TRADE-OFF
To clarify how the quantum coherence affects the current-dissipation trade-off, we have given a no-go and a go
theorems in the main text. For the convenience to the readers, we present these theorems again. The no-go theorem
is stated as follows:
Summpelemtary Theorem 1 For arbitrary ρ, the following inequality holds:
J(ρ)2
σ˙(ρ)
≤ J(ρbd)
2
σ˙(ρbd)
(S.1)
Therefore, when the system Hamiltonian has no degeneracy, the limitation of J(ρ)2/σ˙(ρ) is not enhanced by quantum
coherence.
On the other hand, when there is degeneracy, quantum coherence can give positive effects on the current-dissipation
trade-off. We can see this through the following go theorem:
Summpelemtary Theorem 2 For arbitrary ρ, the following two inequalities hold:
J(ρsd)
2
σ˙(ρsd)
≤ Acl
2
, (S.2)
J(ρbd)
2
σ˙(ρbd)
≤ Acl +Aqm
2
, (S.3)
where Acl and Aqm are non-negative quanitites defined as follows:
Acl := Tr[ρsdX] and Aqm := CXCl1(ρbd) (S.4)
X :=
∑
a,ω
γa(ω)ω
2L†a,ωLa,ω (S.5)
CX := max
e,j,j′:j 6=j′
|〈e, j|X|e, j′〉| (S.6)
Here Cl1(...) is the l1-norm of coherence with respect to the eigenbasis of the Hamiltonian {|e, j〉}: Cl1(...) :=∑
(e,j)6=(e′,j′) |〈e, j|...|e′, j′〉|.
Before showing theorems 1 and 2, we present the quantum master equation (1) again for convenience:
∂ρ
∂t
= L[ρ] := − i
~
[H, ρ] +D[ρ], (S.7)
D[ρ] :=
∑
a,ω
γa(ω)
[
La,ωρL
†
a,ω −
1
2
{L†a,ωLa,ω, ρ}
]
. (S.8)
2Readers should note that we have slightly changed the notation from the main text and consider multiple Lindblad
jump operators labeled by a. For example, a can take two values, where a = H (a = C) describes the dissipative effect
arising from the hot (cold) bath. The Lindblad jump operator La,ω satisfies the following properties: [La,ω, H] =
~ωLa,ω, [L†a,ωLa,ω, H] = 0 and La,ω = L
†
a,−ω. For simplicity, we mainly consider the case where the system is
attached to a single heat bath whose inverse temperature is β. Then, the detailed balance condition is expressed as
γa(ω)/γa(−ω) = exp(β~ω).
We also present the definition of the heat current and the entropy production rate:
J(ρ) = Tr[H∂tρ] = Tr[HD[ρ]], (S.9)
σ˙(ρ) = −Tr[∂tρ log ρ]− βJ(ρ) = −Tr[L[ρ] log ρ]− βJ(ρ). (S.10)
Note that J and σ˙ for states ρbd and ρsd are defined by the second equality in (S.9) and (S.10).
Proof of Supplementary Theorem 1: We show this result by showing the following two relations:
J(ρ) = J(ρbd) (S.11)
σ˙(ρbd) ≤ σ˙(ρ) (S.12)
Clearly, if these two relations hold, then the inequality (S.1) also holds. We first show (S.11) as follows:
J(ρ) = Tr[HD[ρ]] = Tr
[
H
∑
a,ω
γa(ω)
[
La,ωρL
†
a,ω −
1
2
{L†a,ωLa,ω, ρ}
]]
= −
∑
a,ω
ωγa(ω)Tr[L
†
a,ωLa,ωρ]
= −
∑
a,ω
ωγa(ω)Tr[L
†
a,ωLa,ωρbd] = J(ρbd). (S.13)
Here we use [La,ω, H] = ωLa,ω in the second line and [L
†
a,ωLa,ω,Πe] = 0, which is given by [L
†
a,ωLa,ω, H] = 0, in the
third line.
Next, we show (S.12). By focusing on σ˙(ρ) := S˙(ρ)− βJ(ρ) and J(ρ) = J(ρbd), the inequality (S.12) is equivalent
to the inequality S˙(ρ)− S˙(ρbd) ≥ 0. To derive this inequality, we firstly convert S˙(ρ)− S˙(ρbd) as follows:
S˙(ρ)− S˙(ρbd) = lim
dt→0
1
dt
Tr[−ρ(t+ dt) log ρ(t+ dt) + ρ(t) log ρ(t) + ρbd(t+ dt) log ρbd(t+ dt)− ρbd(t) log ρbd(t)]
= lim
dt→0
1
dt
Tr[−ρ(t+ dt) log ρ(t+ dt) + ρ(t) log ρ(t) + ρ(t+ dt) log ρbd(t+ dt)− ρ(t) log ρbd(t)]
= lim
dt→0
1
dt
(D(ρ(t)‖ρbd(t))−D(ρ(t+ dt)‖ρbd(t+ dt))). (S.14)
Here we define ρbd(t+ dt) as
ρbd(t+ dt) := ρbd + dtL[ρbd], (S.15)
where the map L is defined in Eq. (S.7). Since ρbd commutes with H, ρbd(t+ dt) can be expressed as follows:
ρbd(t+ dt) = ρbd(t) + dtD[ρbd(t)]
=
∑
n
Πn(t)[ρ(t) + dtD[ρ(t)]]Πn(t)
=
∑
n
Πn(t)ρ(t+ dt)Πn(t), (S.16)
where the second line is obtained because the Lindblad operators let the system jump from one eigenspace (Πn) to
another (Πm). As a result, we have
Tr[ρbd(t+ dt) ln ρbd(t+ dt)] = Tr[ρ(t+ dt) ln ρbd(t+ dt)] (S.17)
and
D(ρ(t+ dt)||ρbd(t+ dt)) = D(Λ[ρ(t)]||Λ[ρbd(t)]), (S.18)
3where
Λ[•] = (1 + dtL)• (S.19)
is a CPTP map which describes an infinitesimal time-evolution generated by the Lindblad master equation. By using
the monotonicity of the relative entropy [20], we have
D(ρ(t)||ρbd(t)) ≥ D(Λ[ρ(t)]||Λ[ρbd(t)]). (S.20)
We finally combine (S.14), (S.18) and (S.20) and prove S˙(ρ)− S˙(ρbd) ≥ 0.
Proof of Supplementary Theorem 2: We first decompose ρbd as ρbd =
∑
n pn|n〉〈n|. Note that ρbd is block-
diagonalized in the energy eigenspace, each |n〉 is an eigenstate of H. For this basis {|n〉}, we define Wω,am,n :=
γa(ω)|〈m|Lω,a|n〉|2, which can be interpreted as a transition rate from |n〉 to |m〉 induced by the bath. By following
Ref. [12] and using the third line of (S.13), we have
J(ρbd) = −
∑
a,ω,m,n
ωWω,am,npn
= −1
2
′∑
a,ω,m,n
ω(Wω,am,npn −W−ω,an,m pm), (S.21)
where
∑′
is the summation excluding (ω = 0) ∧ (m = n). Similarly, the entropy production rate can be expressed
as [12]
σ˙(ρbd) = −
∑
a,ω
γa(ω)Tr[La,ωρL
†
a,ω ln ρbd] +
∑
a,ω
γa(ω)Tr[L
†
a,ωLa,ωρbd ln ρbd]− βJ(ρbd)
= −
∑
a,ω,m,n
Wω,am,npn ln pm +
∑
a,ω,m,n
Wω,am,npn ln pn +
∑
a,ω,m,n
βωWω,am,npn
=
′∑
a,ω,m,n
Wω,am,npn log
Wω,am,npn
W−ω,an,m pm
≥ 0, (S.22)
by noting that Wω,am,n = e
βωW−ω,an,m . The last inequality results from the nonegativity of the relative entropy [20]. By
using above, we evaluate the absolute value of the heat current as follows:
|J(ρbd)| =
∣∣∣∣∣
′∑
a,ω,m,n
ω
2
(Wω,am,npn −W−ω,an,m pm)
∣∣∣∣∣ =
∣∣∣∣∣
′∑
a,ω,m,n
ω
2
√
Wω,am,npn +W
−ω,a
n,m pm
(Wω,am,npn −W−ω,an,m pm)√
Wω,am,npn +W
−ω,a
n,m pm
∣∣∣∣∣
≤
√√√√ ′∑
a,ω,m,n
ω2
4
(Wω,am,npn +W
−ω,a
n,m pm)
√√√√ ′∑
a,ω,m,n
(Wω,am,npn −W−ω,an,m pm)2
Wω,am,npn +W
−ω,a
n,m pm
≤
√√√√ ′∑
a,ω,m,n
ω2
4
(Wω,am,npn +W
−ω,a
n,m pm)
√√√√1
2
′∑
a,ω,m,n
(Wω,am,npn −W−ω,an,m pm) log W
ω,a
m,npn
W−ω,an,m pm
=
√√√√ ′∑
a,ω,m,n
ω2
4
(Wω,am,npn +W
−ω,a
n,m pm)
√√√√ ′∑
a,ω,m,n
Wω,am,npn log
Wω,am,npn
W−ω,an,m pm
=
√√√√ ′∑
a,ω,m,n
ω2
2
Wω,am,npn
√
σ˙(ρbd) =
√ ∑
a,ω,m,n
ω2
2
Wω,am,npn
√
σ˙(ρbd) (S.23)
Here we use the Cauchy-Schwartz inequality in the second line and the inequality (a−b)
2
a+b ≤ a−b2 log ab in the third line.
4We further use the following inequality∑
a,ω,m,n
ω2
2
Wω,am,npn = Tr[
∑
ω,a
ω2
2
γa(ω)Lω,aρbdL
†
ω,a]
=
1
2
Tr[Xρbd]
=
Tr[Xρsd] + Tr[X(ρbd − ρsd)]
2
≤ Tr[Xρsd] + CXCl1(ρbd)
2
=
Acl +Aqm
2
, (S.24)
where in the forth line, we use Ho¨lder’s inequality∑
k
|xkyk| ≤
(∑
k
|xk|p
)1/p(∑
k
|yk|q
)1/q
, (S.25)
with p =∞, q = 1, xk = 〈e, j|X|e′, j′〉, yk = 〈e′, j′|ρ|e, j〉, and k ∈ {e, j, e′, j′|(e, j) 6= (e′, j′)}. We also use the relation
maxk |xk| = maxe,j,j′:j 6=j′ |〈e, j|X|e, j′〉| = CX since 〈e, j|X|e′, j′〉 = 0 for e 6= e′. By combining (S.23) and (S.24), we
obtain the desired result (S.3). The derivation of (S.2) can be done in a similar manner. The non-negativity of Acl
is obvious from the non-negativity of the operator X.
II. HEAT CURRENT WITHOUT DISSIPATION: 2N-STATE MODEL
In this section, we show the detailed analysis on the 2N -state model. In this model, the system Hamiltonian and
the interaction Hamiltonian between the system and the heat bath are given by
H =
N∑
j=1
~ω|e, j〉〈e, j|, and Hint =
N∑
j,j′=1
(σj,j
′
+ ⊗B + σj,j
′
− ⊗B†). (S.26)
Here |g, j〉 is the j-th degenerated ground state, and the state |e, j〉 is the j-th degenerated excited state, meaning
that the ground state energy and the excited state energy are both N -degenerate, and the total number of states is
given by 2N . Also, σj,j
′
+ := |e, j〉〈g, j′|, σj,j
′
− := |g, j〉〈e, j′| and B is a Hermitian operator of the bath. After taking
the standard weak-coupling, Born-Markov, and rotating-wave approximations, the time-evolution of the system is
described by the quantum master equation (1), where we denote Γ↓ = γ(ω), Γ↑ = γ(−ω), and L = Lω = L†−ω to
simplify the notations. Then, the master equation is written as
∂ρ
∂t
= − i
~
[H, ρ] +D[ρ], (S.27)
D[ρ] = Γ↓
[
LρL† − 1
2
{L†L, ρ}
]
+ Γ↑
[
L†ρL− 1
2
{LL†, ρ}
]
, (S.28)
where
L :=
∑
j,j′
σj,j
′
− (S.29)
is the Lindblad operator that describes a correlated decay. Here, the detailed balance relation between the transition
rates is expressed as Γ↓/Γ↑ = exp[β~ω].
A. Instanteneous heat current in 2N-state model
In this subsection, we give an example which gives an O(N) heat current with an O(1) entropy production rate.
As we explained in the main text, we take the state ρ+ := pg|g,+〉〈g,+| + pe|e,+〉〈e,+|. In what follows, we show
that by properly setting the probability pg and pe, we can obtain the dissipation-less current.
5We firstly note that D[|g,+〉〈g,+|] ∝ |e,+〉〈e,+| and D[|e,+〉〈e,+|] ∝ |g,+〉〈g,+|, and thus when we start with
the initial state ρ(0) = ρ+, the state ρ(t) at time t always takes the following form: ρ(t) = pg(t)|g,+〉〈g,+| +
pe(t)|e,+〉〈e,+|. Therefore, the time-evolution of the system is fully determined by the following set of equations:
∂tpg(t) = N
2Γ↓pe(t)−N2Γ↑pg(t), (S.30)
∂tpe(t) = −N2Γ↓pe(t) +N2Γ↑pg(t), (S.31)
and the heat current and the entropy production rate take the following forms:
J(ρ(t)) = N2~ω(Γ↑pg(t)− Γ↓pe(t)), (S.32)
σ˙(ρ(t)) = N2(Γ↑pg(t)− Γ↓pe(t)) log Γ↑pg(t)
Γ↓pe(t)
. (S.33)
Now, we set pg and pe such that they satisfy the relation
pg = (1 + aN )pee
β~ω ⇔ Γ↑p0 = (1 + aN )Γ↓p1, (S.34)
where we have introduced a number aN of the order of O(1/N). The above choice (S.34) indeed allows us to obtain
the dissipation-less current:
J(ρ+) = N2aNΓ↓pe~ω
= O(N), (S.35)
σ˙(ρ+) = N2aN log(1 + aN )Γ↓pe ≈ N2a2NΓ↓pe
= O(1). (S.36)
B. Aqm and Acl in the 2N-state model
The scaling behavior of Aqm and Acl can be quantitatively different in the 2N -state model, since Aqm can scale up
to O(N2), but Acl can only scale up to O(N). To see this scaling behavior, we first note that the operator X takes
the form
X = ~2ω2Γ↑N
∑
j,j′
|g, j〉〈g, j′|+ ~2ω2Γ↓N
∑
j,j′
|e, j〉〈e, j′|. (S.37)
We also note that for an arbitrary state ρ, the decohered state ρsd is written as ρsd =
∑
j pg,j |g, j〉〈g, j| +∑
j′ pe,j′ |e, j′〉〈e, j′|, where pk,j is some probability distribution. Therefore,
Acl = Tr[Xρsd] = ~2ω2NΓ↓
∑
j
pg,j + ~2ω2NΓ↑
∑
j
pe,j ≤ ~2ω2N(Γ↓ + Γ↑) = O(N), (S.38)
indicating that Acl can scale at most linearly in terms of N . On the other hand, for a state ρ
+ := pg|g,+〉〈g,+| +
pe|e,+〉〈e,+| with pg and pe being arbitrarily, Aqm scales quadratically in terms of N :
Aqm = CXCl1(ρ+) = ~2ω2Γ↓N ×
N2 −N
N
= O(N2). (S.39)
C. Carnot efficiency with finite power in the 2N-state model
In this subsection, we give details of our cyclic heat engine which approximately attains the Carnot efficiency with
finite power. We prepare two heat baths whose inverse temperatures are βH and βC , respectively. We denote the
energy gaps ~ω(N)H and ~ωC when the system is connected to the hot bath and the cold bath, respectively. We require
those energy gaps to satisfy the following relation:
~(βCωC − βHω(N)H ) = log(1 + aN ) ≈ aN = O(1/N), (S.40)
where aN = O(1/N) is a parameter which describes the speed of our control. Here, we first fix ωC and then define
the N -dependent frequency ω
(N)
H via Eq. (S.40) for convenience. From Eq.(S.40), we have
1 + aN = e
~(βCωC−βHω(N)H ). (S.41)
In what follows, we explain the details of our four-step cycle engine:
6: Step 0: At beginning, the system is connected to the cold heat bath. The system Hamiltonian and the dissipator are
given as follows:
HC = ~ωC
N∑
j=1
|e, j〉〈e, j| (S.42)
DC [ρ] = ΓC↓
[
LρL† − 1
2
{L†L, ρ}
]
+ ΓC↑
[
L†ρL− 1
2
{LL†, ρ}
]
(S.43)
where L is given in Eq. (S.29), and the transition rates are assumed to satisfy the detailed balance relation:
ΓC↓ /Γ
C
↑ = e
βC~ωC . We set the initial state as
ρ′Css = ρ
′C
ss,gg|g,+〉〈g,+|+ ρ′Css,ee|e,+〉〈e,+|, (S.44)
ΓC↑ ρ
′C
ss,gg =
1
1 + 0.45aN
ΓC↓ ρ
′C
ss,ee. (S.45)
Note that this state is not the steady state. However, as we will see later, the total cycle becomes a steady cycle.
: Step 1: We turn off the interaction between the system and the cold bath, and change the system Hamiltonian to
the following one instantaneously:
H
(N)
H = ~ω
(N)
H
N∑
j=1
|e, j〉〈e, j| (S.46)
The state of the system is unchanged during this sudden quench process, since the Hamiltonian before and after
the quench is commutative.
: Step 2: We turn on the interaction between the system and the hot bath. The dissipator is given as
DH [ρ] = ΓH,(N)↓
[
LρL† − 1
2
{L†L, ρ}
]
+ Γ
H,(N)
↑
[
L†ρL− 1
2
{LL†, ρ}
]
, (S.47)
where L is again given by Eq. (S.29). Due to the detailed balance, Γ
H,(N)
↓ /Γ
H,(N)
↑ = e
βH~ω(N)H holds. The initial
state of the step 2 is ρ′Css . Due to (S.41), the relation Γ
C
↓ /Γ
C
↑ = (1 + aN )Γ
H,(N)
↓ /Γ
H,(N)
↑ holds, and thus the state
ρ′Css satisifies
Γ
H,(N)
↑ ρ
′C
ss,gg =
(1 + aN )
1 + 0.45aN
Γ
H,(N)
↓ ρ
′C
ss,ee. (S.48)
Then, we wait until the state becomes the following ρ′Hss
ρ′Hss = ρ
′H
ss,gg|g,+〉〈g,+|+ ρ′Hss,ee|e,+〉〈e,+|, (S.49)
Γ
H,(N)
↑ ρ
′H
ss,gg = (1 + 0.45aN )Γ
H,(N)
↓ ρ
′H
ss,ee (S.50)
Since we do not wait until the system is completely thermalized, the process time of this step is finite. Let us
evaluate how long this step takes. When a state diagonalized with |g,+〉 and |e,+〉 satisifies
Γ
H,(N)
↑ ρgg = (1 + saN )Γ
H,(N)
↓ ρee (S.51)
the state satisifies
∂tρgg = −sN2aN (S.52)
∂tρee = +sN
2aN (S.53)
Consequently, the speed of the state transformation is equal to 0.55N2aN = O(N) at the beginning of the step
2 and equal to 0.45N2aN = O(N) at the end of the step 2. Therefore, the process time of the step 2 is O(1/N
2).
Also, in this step, the entropy production rate is always O(1). Therefore, the entropy production in this step is
O(1/N2).
7It is noteworthy that the process time of this step is shorter than the half of the relaxation time. The reason is
that the step 2 starts with ρ′Css satisfying Γ
H,(N)
↑ ρ
′C
ss,gg ≈ (1+0.55aN )ΓH,(N)↓ ρ′Css,ee and finishes with ρ′Hss satisfying
Γ
H,(N)
↑ ρ
′H
ss,gg = (1+0.45aN )Γ
H,(N)
↓ ρ
′H
ss,ee. When a state ρ satisfies Γ
H,(N)
↑ ρgg ≈ (1+0.55aN )ΓH,(N)↓ ρ++, the state
ρ is the steady state. Therefore, a state satisfying Γ
H,(N)
↑ ρgg = (1 + saN )Γ
H,(N)
↓ ρ++ becomes another state ρ
′
satisfying Γ
H,(N)
↑ ρ
′
00 = (1 + s
′aN )Γ
H,(N)
↓ ρ
′
++ where s/s
′ = e−1. Therefore, since 0.45/0.55 > e−1/2, the process
time of the step 2 is shorter than the half of the relaxation time.
: Step 3 We turn off the interaction between the system and the hot bath, and change the Hamiltonian to HC . At the
end of this step, the state of the system is ρ′Hss .
: Step 4 We connect the system to the cold bath. Then, due to (S.41), the following relation holds
ΓC↑ ρ
′H
ss,gg =
(1 + 0.45aN )
1 + aN
ΓC↓ ρ
′H
ss,ee. (S.54)
We wait until the state becomes ρ′Css . In the same way as the step 2, we obtain that the process time is O(1/N
2),
and the entropy production is O(1/N2), and the process time is shorter than the half of the relaxation time.
So far, we have seen the entropy production is O(1/N2), and the cycle time is O(1/N2). Let us evaluate the average
power of this cycle. The work amount is
W = Tr[(HC −H(N)H )ρ′Css ] + Tr[(H(N)H −HC)ρ′Hss ]
= (~ω(N)H − ~ωC)(ρ′Hss,ee − ρ′Css,ee) (S.55)
Due to (S.40),
~ω(N)H − ~ωC = (1−
βH
βC
)~ω(N)H −
aN
βC
= O(1) (S.56)
Due to (S.48) and (S.50),
ρ′Css,ee
ρ′Css,gg
=
(1 + 0.45aN )
2
1 + aN
ρ′Hss,ee
ρ′Hss,gg
≈ (1− 0.1aN )
ρ′Hss,ee
ρ′Hss,gg
(S.57)
With using the sum of the probability is 1,
ρ′Css,ee
1− ρ′Css,ee
≈ (1− 0.1aN )
ρ′Hss,ee
1− ρ′Hss,ee
(S.58)
Multiplying the both side by (1− ρ′Css,ee)(1− ρ′Hss,ee), we obtain
ρ′Css,ee − ρ′Hss,eeρ′Css,ee ≈ ρ′Hss,ee − ρ′Hss,eeρ′Css,ee − 0.1aNρ′Hss,ee + 0.1aNρ′Hss,eeρ′Css,ee (S.59)
Therefore,
ρ′Hss,ee − ρ′Css,ee ≈ 0.1aNρ′Hss,ee(1− ρ′Css,ee) = O(1/N). (S.60)
Consequently, the order of the work amount is O(1/N). Since the cycle time is O(1/N2), the average power is O(N).
Finally, let us check the efficiency of the cycle. The heat amount from the hot bath is given as
Q = Tr[H
(N)
H (ρ
′H
ss − ρ′Css )]
= ~ω(N)H (ρ
′H
ss,ee − ρ′Css,ee) (S.61)
Due to (S.55) and (S.56),
η =
ω
(N)
H − ωC
ω
(N)
H
= ηCar − aN
βC~ω(N)H
= ηCar −O(1/N). (S.62)
Therefore, this cycle attains the power O(N) and the efficiency ηCar − O(1/N). We emphasize that the cycle is not
slow-regime and the temperatures βH and βC are arbitrary.
8D. Steady current without dissipation in 2N-state model 1: temperature difference
We give an example of the steady current with constant-order entropy production rate in the 2N -state model.
Again, we use the system Hamiltonian
H = ~ω
N∑
j=1
|e, j〉〈e, j|. (S.63)
We use two baths, hot one and cold one, and define the interaction Hamiltonians between each bath and the system
as follows
HHint = bH
N∑
j,j′=1
(σj,j
′
+ ⊗B + σj,j
′
− ⊗B†), and HCint = bC
N∑
j,j′=1
(σj,j
′
+ ⊗B + σj,j
′
− ⊗B†). (S.64)
Then, the time evolution of the system is
∂tρ = − i~ [H, ρ] +DH [ρ] +DC [ρ] (S.65)
DH [ρ] = ΓH,N↓
[
LρL† − 1
2
{L†L, ρ}
]
+ ΓH,N↑
[
L†ρL− 1
2
{LL†, ρ}
]
(S.66)
DC [ρ] = ΓC,N↓
[
LρL† − 1
2
{L†L, ρ}
]
+ ΓC,N↑
[
L†ρL− 1
2
{LL†, ρ}
]
, (S.67)
where L is given in Eq. (S.29), and ΓH,N↑↓ and Γ
C,N
↑↓ satisifies Γ
H,N
↓ /Γ
H,N
↑ = e
β
(N)
H ~ω and ΓC,N↓ /Γ
C,N
↑ = e
β
(N)
C ~ω. Here
β
(N)
H and β
(N)
C are the temperatures of the hot bath and the cold bath. Noting that Γ
H
↓ and Γ
C
↓ are proportional to
b2H and b
2
C , we take bC , bH , β
(N)
H and β
(N)
C satisfying
(β
(N)
C − β(N)H )~ω = log
1 + 1N
1− 1N
, (S.68)
ΓH,N↓ = Γ
C,N
↓ = const. (S.69)
Then,
(1 + 1N )Γ
H,N
↓
ΓH,N↑
=
(1− 1N )ΓC,N↓
ΓC,N↑
(S.70)
Therefore, we can take ρ
(N)
ee and ρ
(N)
gg as
(1 +
1
N
)ΓH,N↓ ρ
(N)
ee = Γ
H,N
↑ ρ
(N)
gg (S.71)
(1− 1
N
)ΓC,N↓ ρ
(N)
ee = Γ
C,N
↑ ρ
(N)
gg . (S.72)
Then, the state ρ(N) := ρ
(N)
gg |g,+〉〈g,+|+ ρ(N)ee |e,+〉〈e,+| is a steady state, due to the following:
DH [ρ] +DC [ρ] =N2(ΓH,N↓ ρ(N)ee − ΓH,N↑ ρ(N)gg + ΓC,N↓ ρ(N)ee − ΓC,N↑ ρ(N)gg )|g,+〉〈g,+|
−N2(ΓH,N↓ ρ(N)ee − ΓH,N↑ ρ(N)gg + ΓC,N↓ ρ(N)ee − ΓC,N↑ ρ(N)gg )|e,+〉〈e,+|
=N2(− 1
N
ΓH,N↓ +
1
N
ΓH,N↓ )ρ
(N)
0 |g,+〉〈g,+| −N2(−
1
N
ΓH,N↓ +
1
N
ΓH,N↓ )ρ
(N)
0 |e,+〉〈e,+|
=0 (S.73)
The heat current of this state is
JH [ρ(N)] = N2~ω(ΓH,N↑ ρ
(N)
gg − ΓH,N↓ ρ(N)ee )
= N~ωΓH,N↓ ρ
(N)
ee
= N~ωΓC,N↓ ρ
(N)
ee
= −JC [ρ(N)]. (S.74)
9The entropy production rate is
σ˙(ρ) = N2(ΓH,N↑ ρ
(N)
gg − ΓH,N↓ ρ(N)ee ) log
ΓH,N↑ ρ
(N)
gg
ΓH,N↓ ρ
(N)
ee
+N2(ΓC,N↑ ρ
(N)
gg − ΓC,N↓ ρ(N)ee ) log
ΓC,N↑ ρ
(N)
gg
ΓC,N↓ ρ
(N)
ee
= N2
1
N
ΓH,N↓ ρ
(N)
ee log(1 +
1
N
)−N2 1
N
ΓC,N↓ ρ
(N)
ee log(1−
1
N
) = O(1) (S.75)
Therefore, we obtain O(N) steady heat current with O(1) entropy production rate.
E. Steady current without dissipation in 2N-state model 2: chemical potential difference
Finally, we give an example of the steady current with constant-order entropy production rate between two heat
baths whose chemical potentials are different. We use the system Hamiltonian
H = ~ω
N∑
j=1
|e, j〉〈e, j| (S.76)
We employ Bosonic bath whose Hamiltonian is ~ωa†a. We use two of the Bosonic baths BL and BR, whose states
are in the following ground canonical states:
ρL =
e−β(~ω−µ
(N)
L )a
†a
Tr[e−β(~ω−µ
(N)
L )a
†a]
, ρR =
e−β(~ω−µ
(N)
R )a
†a
Tr[e−β(~ω−µ
(N)
R )a
†a]
(S.77)
Here µ
(N)
L and µ
(N)
R are chemical potentials of the baths. We define the interaction Hamiltonians between each bath
and the system as follows
HLint = bL
N∑
j,j′=1
(σj,j
′
+ ⊗ a+ σj,j
′
− ⊗ a†), and HRint = bR
N∑
j,j′=1
(σj,j
′
+ ⊗ a+ σj,j
′
− ⊗ a†). (S.78)
Then, the time evolution of the system is
∂tρ = − i~ [H, ρ] +DL[ρ] +DR[ρ] (S.79)
DL[ρ] = ΓL,N↓
[
LρL† − 1
2
{L†L, ρ}
]
+ ΓL,N↑
[
L†ρL− 1
2
{LL†, ρ}
]
(S.80)
DR[ρ] = ΓR,N↓
[
LρL† − 1
2
{L†L, ρ}
]
+ ΓR,N↑
[
L†ρL− 1
2
{LL†, ρ}
]
(S.81)
where L is given in Eq. (S.29), and ΓL,N↑↓ and Γ
R,N
↑↓ satisifies Γ
L,N
↓ /Γ
L,N
↑ = e
β(~ω−µ(N)L ) and ΓR,N↓ /Γ
R,N
↑ = e
β(~ω−µ(N)R ).
Noting that ΓL↓ and Γ
R
↓ are proportional to b
2
L and b
2
R, we take bL, bR, µ
(N)
L and µ
(N)
R satisfying
(µ
(N)
L − µ(N)R )~ω = log
1 + 1N
1− 1N
, (S.82)
ΓL,N↓ = Γ
R,N
↓ = const. (S.83)
Then,
(1 + 1N )Γ
L,N
↓
ΓL,N↑
=
(1− 1N )ΓR,N↓
ΓR,N↑
(S.84)
Therefore, we can take ρ
(N)
ee and ρ
(N)
gg as
(1 +
1
N
)ΓL,N↓ ρ
(N)
ee = Γ
L,N
↑ ρ
(N)
gg (S.85)
(1− 1
N
)ΓR,N↓ ρ
(N)
ee = Γ
R,N
↑ ρ
(N)
gg . (S.86)
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Then, the state ρ(N) := ρ
(N)
gg |g,+〉〈g,+|+ ρ(N)ee |e,+〉〈e,+| is a steady state, due to the following:
DL[ρ] +DR[ρ] =N2(ΓL,N↓ ρ(N)ee − ΓL,N↑ ρ(N)gg + ΓR,N↓ ρ(N)ee − ΓR,N↑ ρ(N)gg )|g,+〉〈g,+|
−N2(ΓL,N↓ ρ(N)ee − ΓL,N↑ ρ(N)gg + ΓR,N↓ ρ(N)ee − ΓR,N↑ ρ(N)gg )|e,+〉〈e,+|
=N2(− 1
N
ΓL,N↓ +
1
N
ΓL,N↓ )ρ
(N)
0 |g,+〉〈g,+| −N2(−
1
N
ΓL,N↓ +
1
N
ΓL,N↓ )ρ
(N)
0 |e,+〉〈e,+|
=0 (S.87)
The heat current of this state is
JL[ρ(N)] = N2~ω(ΓL,N↑ ρ
(N)
gg − ΓL,N↓ ρ(N)ee )
= N~ωΓL,N↓ ρ
(N)
ee
= N~ωΓR,N↓ ρ
(N)
ee
= −JR[ρ(N)]. (S.88)
The entropy production rate is
σ˙(ρ) = N2(ΓL,N↑ ρ
(N)
gg − ΓL,N↓ ρ(N)ee ) log
ΓL,N↑ ρ
(N)
gg
ΓL,N↓ ρ
(N)
ee
+N2(ΓR,N↑ ρ
(N)
gg − ΓR,N↓ ρ(N)ee ) log
ΓR,N↑ ρ
(N)
gg
ΓR,N↓ ρ
(N)
ee
= N2
1
N
ΓL,N↓ ρ
(N)
ee log(1 +
1
N
)−N2 1
N
ΓR,N↓ ρ
(N)
ee log(1−
1
N
) = O(1) (S.89)
Therefore, we obtain O(N)-order steady heat current with O(1)-order entropy production rate.
III. DETAILS OF THE NUMERICAL CALCULATION USING THE TWO-QUBIT SUPERRADIANT
MODEL
In this section, we give details of the numerical calculation presented in the main text. The Hamiltonian of the
two-qubit system is given by
H(t) = ~ω(t) (|1〉〈1|+ |2〉〈2|) + 2~ω(t)|3〉〈3|, (S.90)
where |0〉 is the ground state, |1〉 and |2〉 are the states where one of the qubit is excited, and |3〉 is the state with
both qubits being excited. The Lindblad master equation takes the following form
∂tρ00 = Γ↓ (ρ11 + ρ22 + ρ12 + ρ21)− 2Γ↑ρ00 (S.91)
∂tρ11 = −1
2
(Γ↑ + Γ↓) (2ρ11 + ρ12 + ρ21) + Γ↑ρ00 + Γ↓ρ33 (S.92)
∂tρ22 = −1
2
(Γ↑ + Γ↓) (2ρ22 + ρ12 + ρ21) + Γ↑ρ00 + Γ↓ρ33 (S.93)
∂tρ33 = Γ↑ (ρ11 + ρ22 + ρ12 + ρ21)− 2Γ↓ρ33 (S.94)
∂tρ12 = −1
2
(Γ↑ + Γ↓)(ρ11 + ρ22 + 2ρ12) + Γ↑ρ00 + Γ↓ρ33, (S.95)
where ρij = 〈i|ρ|j〉, Γ↓ = Γ0(1+exp(−β~ω))−1 and Γ↑ = Γ0(1+exp(β~ω))−1. By solving the time-evolution equation
described above numerically for the heat engine cycle, we obtained Fig. 3 and Fig. 4 in the main text (choosing
Γ0 = 1). Here, we choose a block-diagonalized initial state ρ(0) = ρbd(0) for the numerical simulation, so the density
matrix satisfies ρ(t) = ρbd(t) for any t.
We note that the heat current reads
J(ρ) = J(ρbd) = ~ω(t) [2Γ↑ρ00 − 2Γ↓ρ33 + (Γ↑ − Γ↓)(ρ11 + ρ22 + ρ12 + ρ21)] , (S.96)
J(ρsd) = ~ω(t) [2Γ↑ρ00 − 2Γ↓ρ33 + (Γ↑ − Γ↓)(ρ11 + ρ22)] , (S.97)
and the upper bound on the current-dissipation ratio reads
Acl = [~ω(t)]2 {(Γ↑ + Γ↓) (ρ11 + ρ22) + 2Γ↑ρ00 + 2Γ↓ρ33} , (S.98)
Aqm = 2[~ω(t)]2 (Γ↑ + Γ↓) |ρ12|, (S.99)
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by noting that
X = [~ω(t)]2 {(Γ↑ + Γ↓) (|1〉〈1|+ |2〉〈2|+ |1〉〈2|+ |2〉〈1|) + 2Γ↑|0〉〈0|+ Γ↓|3〉〈3|} . (S.100)
IV. COHERENCE EFFECT ON POWER-EFFICIENCY TRADE-OFF OF HEAT ENGINES
In this section, we follow Ref. [6] and use (4) and obtain the power-efficiency trade-off relation as follows. We
denote QH > 0 as the heat from the hot bath (at inverse temperature βH) to the system and QC > 0 as the heat
from the system to the cold bath (at inverse temperature βC). Then, for a steady cycle, we have W = QH −QC and
σ = βCQC − βHQH. The thermodynamic efficiency is given by η = W/QH = 1−QC/QH and the Carnot efficiency is
given by ηC = 1 − βH/βC. By integrating both-hand sides of Eq. (4) and using the Cauchy-Schwartz inequality, we
have
QH +QC ≤
√
1
2
τA¯σ. (S.101)
Here, we assume Q˙ > 0 (Q˙ < 0) when the system interacts with the hot (cold) bath. Also, τ is the time required to
complete a cycle, and A¯ = τ−1
∫ τ
0
dtA. We further use
η(ηC − η) = W
QH
(
QC
QH
− βH
βC
)
=
W
Q2HβC
(βCQC − βHQH) = Wσ
Q2HβC
. (S.102)
We then find that
(QH +QC)
2 ≤ 1
2
τA¯
η(ηC − η)Q2HβC
W
, (S.103)
which leads to the following trade-off relation between the power W/τ and efficiency η:
W
τ
2(2− η)2
βCη(ηC − η) ≤ A¯. (S.104)
